We present a phase field formulation for fracture in functionally graded materials (FGMs). The model builds upon homogenization theory and accounts for the spatial variation of elastic and fracture properties. Several paradigmatic case studies are addressed to demonstrate the potential of the proposed modelling framework. Specifically, we (i) gain insight into the crack growth resistance of FGMs by conducting numerical experiments over a wide range of material gradation profiles and orientations, (ii) accurately reproduce the crack trajectories observed in graded photodegradable copolymers and glass-filled epoxy FGMs, (iii) benchmark our predictions with results from alternative numerical methodologies, and (iv) model complex crack paths and failure in three dimensional functionally graded solids. The suitability of phase field fracture methods in capturing the crack deflections intrinsic to crack tip mode-mixity due to material gradients is demonstrated. Material gradient profiles that prevent unstable fracture and enhance crack growth resistance are identified: this provides the foundation for the design of fracture resistant FGMs. The finite element code developed can be downloaded from www.empaneda.com/codes.
Introduction
Functionally graded materials (FGMs) are multifunctional composites with spatially varying volume fractions of constituent materials. The resulting graded macroproperties enable designers to tailor the microstructure to specific operating conditions, while minimizing problems associated with discrete material interfaces. Potential advantages inherent to the use of FGMs include, among others, enhancing the thermal stress resistance [1, 2] , reducing residual stresses [3] , and suppressing stress discontinuities at bimaterial interface structures [4, 5] . As a consequence, FGMs have found a wide range of commercial applications including cutting tools, biomedical devices, optical fibers and wear resistant coatings [6, 7] . However, FGMs commonly exhibit brittle fracture, as ceramic materials are one of the most frequently used constituents. Hence, fracture resistance often constitutes the primary design criterion, and a special branch of fracture mechanics has been devoted to investigate failure in this class of materials [8] .
Understanding crack initiation and subsequent growth in functionally graded components is hindered by the influence of material in-homogeneity on the crack propagation path. For example, a crack will deviate from the self-similar crack propagation direction in a functionally graded specimen subjected to pure mode I loading if the material gradient is not aligned with the crack. This crack tip mode mixity induced by the spatial variation of material properties leads to complex crack trajectories that are difficult to capture with conventional numerical methods. The vast majority of works have tried to address this challenge by using discrete numerical methods; efforts include the use of remeshing algorithms [9] , extended finite element methods (X-FEM) [10] [11] [12] , scaled boundary finite element formulations [13] , and cohesive zone models [14] . However, these techniques are limited in tracking the crack path topology, particularly in 3D problems. Variational approaches based on energy minimization constitute a promising tool to overcome this limitation and could, therefore, be particularly useful in modelling crack advance in FGMs [15] [16] [17] . Specifically, the phase field method has proven to be a compelling technique in modelling brittle fracture [18, 19] , ductile damage [20, 21] , fiber cracking and composites delamination [22, 23] , and hydrogen embrittlement [24, 25] , among other phenomena. We aim at extending this success by presenting a phase field formulation for fracture in compositionally graded materials.
A phase field fracture formulation for FGMs

Governing balance equations
Consider a functionally graded solid occupying the domain Ω with a discontinuous surface Γ. The elastic and fracture properties of the solid vary gradually in space such that the energy contributions in the deformation-fracture problem can be characterized by a strain energy density ψ (x) and a critical energy release rate G c (x). The discrete crack is approximated through an auxiliary field variable φ, so-called phase field parameter, which varies between φ = 0, intact material, and φ = 1, completely damaged. The size of the regularized crack surface is governed by the choice of , the phase field model-inherent length scale. As shown by Γ-convergence [26] , a regularized crack density functional Γ ( , φ) can be defined that converges to the functional of the discrete crack as → 0. Hence, the fracture energy due to the creation of a crack can be approximated as
The approximated crack surface energy (1) can be added to the bulk energy to form the total potential energy of the functionally graded solid Ψ as
where the term (1 − φ) 2 describes the degradation of the stored energy with evolving damage. The strain energy density for the undamaged solid is given in terms of the strain field ε and the spatially-varying linear elastic stiffness matrix C (x) as
with the strain tensor being related to the displacement field in the usual manner: ε = sym∇u. Upon taking the first variation of (2) and applying Gauss theorem, the following coupled field equations are obtained for any arbitrary value of the kinematic variables δu and δφ,
Here, σ denotes the Cauchy stress tensor.
Homogenization scheme
The stiffness and fracture resistance dependence on x inherent to FGMs can be inferred from the spatial variation of the volume fractions of constituent materials via homogenization. Consider a functionally graded beam with thickness h and material gradation along a y-axis that gradually changes from 100% volume fraction of compound 1 to 100% volume fraction of compound 2. The volume fraction of material 1, V 1 , reads,
where k is the material gradient index or volume fraction exponent. From the volume fraction, the local effective properties can be obtained by means of a Mori-Tanaka homogenization scheme. Hence, the effective bulk modulus K e and shear modulus µ e
And from K e and µ e , one can readily compute the effective Young's modulus E e and Poisson's ratio ν e using the standard relations.
The fracture response in the phase field model is governed by the critical energy release rate G c and the length scale parameter . While the latter is often seen as a regularizing parameter, its value influences the critical stress at which damage initiates, σ f . For example, the analytical homogeneous solution to a one-dimensional quasi-static problem renders [25] = 27EG c 256σ f (8) such that depends on G c (x), E (x) and σ f (x), which are spatially varying material properties. However, in a linear elastic, ideally brittle solid one can relate the remote load at which the failure stress is attained K Ic with Griffith's critical energy release rate; for example, assuming plane strain conditions:
Given the proportional relation between the fracture toughness and the failure stress,
this necessarily implies that the spatial dependence of can be neglected.
The spatially varying fracture resistance of FGMs is therefore captured by G c (x). The critical energy release rate variation can be computed as a function of the volume fraction of the constituents by using the rule of mixtures,
where G c1 and G c2 respectively denote the critical energy release rate of material 1 and material 2.
Finite element implementation
The finite element method is used to solved the coupled system of equations (4).
The variation of elastic and fracture properties is defined at each integration point, rendering a so-called graded finite element implementation . The phase field method can also be used to capture crack growth in layered FGMs, where crack tip modemixity depends on the modulus mismatch between the layers [27] . However, a smooth material property variation is best captured by implementing the material gradient at the integration point level [28] . To ensure irreversibility of the phase field parameter we follow Ambati et al. [29] and adopt a hybrid approach. Thus, we reformulate Eq.
(4b) as
where H + is the so-called history variable field, which is defined as
with
Here, a ± = 1 2
(a ± |a|) and ε ± =
3
I=1
ε I ± n I ⊗ n I , where ε I and n I are the principal strains and the principal strain directions, respectively. The resulting weak form can be obtained by considering the dimensional trial (U , P) and test spaces (V , Q). Let W (Ω) include the linear displacement field and phase field variable:
The system of equations can be readily obtained upon applying the standard BubnovGalerkin procedure. In the absence of remote tractions and body forces, one can find
The system is solved by means of a staggered approach using the open source finite element package FEniCS [30] [31] [32] . The script developed can be downloaded from www.empaneda.com/codes, including comprehensive documentation and verification examples.
Results
We demonstrate the capabilities of the present framework by addressing five boundary value problems. First, the influence of the material gradient is assessed in 
Cracking of an alumina/zirconia plate
First, fracture in an alumina/zirconia functionally graded plate is investigated. The functionally graded solid is built by varying the volume fractions of alumina Al 2 O 3 and zirconia ZrO 2 , as given by the homogenization scheme outlined in Section 2. The elastic and fracture properties of Al 2 O 3 and ZrO 2 are given in Table 1 (see, e.g., [33] ). 
The FGM plate has a mode I edge crack and is subjected to remote uniaxial displacement, see Consider first the results obtained for a material property gradient perpendicular to the crack, see Fig. 2a . As expected, see Table 1 , alumina exhibits a stiffer response than zirconia but an earlier fracture. In the functionally graded cases, the elastic and fracture properties are constant along x and the material gradient brings crack tip mode mixity. As inferred from 
Mixed mode fracture of a graded photodegradable copolymer
We assess the capabilities of the modelling framework in capturing mixed-mode crack propagation in FGMs. While it is widely considered that the phase field fracture method holds great promise in dealing with crack propagation under mixed-mode con-ditions, even in homogeneous material comparisons with experiments are scarce [34] .
Here, model predictions are benchmarked against the experimental measurements by
Abanto-Bueno and Lambros [35] on polyethylene cocarbon monoxide (ECO) exposed to selective UV irradiation. ECO undergoes accelerated mechanical degradation when exposed to UV light so that a sample with continuous in-plane property gradation can be obtained by gradually irradiating a sheet of the material. The material gradation profile is characterized, in terms of Young's modulus E and failure stress σ f , by cutting small strips that are then subjected to uniaxial tension testing. As shown in Fig. 3 , we choose to fit the experimental data points with a fourth order polynomial to define the variation of E and σ f . The variation of the critical energy release rate is calculated from the σ f measurements by making use of the stress intensity factor solution
where Y is the geometry factor. As shown in Fig. 4 , the geometry under consideration is an edge cracked plate subjected to uniaxial tension. Three different configurations are considered so as to explore the three characteristic geometries of mixed-mode fracture in FGMs; crack tip mixity can be attained either by placing the crack at an angle to the direction of material property variation, or by asymmetric external loading (as in the homogeneous case), or by a combination of both. The effect of each of these cases is here investigated using three specimens respectively labeled FGM I, II, and III. The geometry and dimensions of the specimens are shown in Table   2 and Figs. 3 and 4, along with the data for the reference homogeneous case. In all cases
Poisson's ratio is taken to be constant throughout the specimen and equal to ν = 0.45, in agreement with the experimental measurements, see [35] and references therein. In the homogeneous case, the material properties read E = 280 MPa and G c = 27 J/m 2 .
The phase field length scale is taken to be equal to 0.7 mm. After a mesh sensitivity study, 191735 linear triangular elements are employed to discretize the geometry. The finite element results obtained are shown in Table 3 and Fig. 5 , along with the experimental measurements by Abanto-Bueno and Lambros [35] . Initial crack kinking angle predictions are in very close agreement with the experimental measurements ( Table 3 ). The phase field method predictions exhibit a better correlation with the experiments than other criteria, such as the so-called maximum tangential stress (MTS) or the generalized maximum tangential stress (GMTS), see [36] . The initial crack deflections, or crack kinking angles, are shown in Fig. 8 . We compare our phase field predictions with the experimental measurements by Rousseau and Tippur [37] and with the semi-analytical solution given by the vanishing K II criterion.
As shown in Fig. 8 , a very good agreement with the experimental measurements is attained, improving the predictions of the vanishing K II criterion. The results emphasize the relevance of capturing the spatial variation of G c to attain accurate predictions;
K II vanishes at the direction of maximum energy release rate. 
3D crack propagation in functionally graded plates
The present modelling framework can also be used to address large-scale engineering problems, as well as to gain insight into the design of three dimensional FGMs with enhanced fracture properties. We demonstrate such capabilities by modelling a plate subjected to uniaxial tension with an edge crack through the thickness, see Fig. 11 . Results are shown in Fig. 12 in terms of the force versus displacement response and representative crack paths. As shown in Fig. 12a , the crack propagates along the extended crack plane in the homogeneous specimen but deviates towards the more compliant side in the graded one, where material properties vary vertically (FGM I).
The load-displacement curves exhibits a similar response in both cases, but the graded sample delays fracture due to the local value of G c and the mode-mixity inherent to
FGMs, see Fig. 12b . As shown in Fig. 12b , very different fracture responses can be obtained by placing the material gradient appropriately, relative to the crack surface. For example, in FGM III, where the crack is located on the edge with smaller G c , cracking initiates early but substantial subcritical crack growth is observed, and final fracture occurs later than in the homogeneous specimen or the graded specimen where properties vary along y (FGM I). This is due to the increasing fracture resistance encountered by the crack along the propagation path. On the other hand, FGM II exhibits a significant delay in crack initiation, relative to the other cases, but a sharp drop in the force at the onset of damage. Therefore, the present modelling framework can be employed to quantitatively design FGMs that exhibit a larger time to crack initiation or an enhanced crack growth resistance. In FGM IV, where properties change along the thickness, there is a spatially varying G c at the crack front. Thus, there will exist a weaker path for crack initiation, relative to the homogeneous case, which will trigger cracking at a lower load, see Fig. 12b. This is further explored by plotting the phase field parameter contours in Fig. 13 .
As can be clearly observed, the crack initiates at the edge with smallest G c , propagates along the x and z directions, and eventually fractures the specimen.
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Conclusions
A phase field formulation for fracture in functionally graded materials (FGMs) is presented. The framework has the capability of naturally capturing the gradient in fracture resistance inherent to FGMs via a spatially varying critical energy release rate G c . A number of paradigmatic examples are addressed to emphasize the potential of the method in modelling the complex crack propagation paths that arise due to crack tip mode-mixity induced by the material property variation. Both two-dimensional and three-dimensional boundary value problems are solved. Unlike previous crack propagation studies on FGMs, the present formulation is proven capable of (i) predicting crack initiation from arbitrary nucleation sites, (ii) capturing crack deflection without re-meshing, and (iii) modelling unstable crack propagation in an implicit framework.
The formulation can be readily extended to deal with other related material systems.
For example, the extension to metal-based elastic-plastic FGMs is immediate in the absence of plastic-damage coupling, provided that plastic size effects are accounted for [39] . Similarly, the framework can easily accommodate other homogenization schemes, such as those proposed for functionally graded composites integrating carbon nanotubes [40, 41] .
In addition, numerical predictions accurately reproduce experiments conducted in different types of functionally graded specimens, and under a wide range of material gradient profiles. The results obtained provide fundamental and quantitative insight into the role of the material property gradation on the crack propagation response. We identify combinations of volume fraction profiles and material gradient orientations that optimize crack growth resistance, laying the grounds for the design of fracture-resistant
FGMs. These could be useful, for example, in components exposed to aggressive environments, where cracks and other stress raisers appear at the exposed surface. 
